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Introduction

Let ☐ c- Rd open , DEJO closed
.

Consider ( formally ) :

L = - div AT - div b + et + d on 0 subject to 4=0 in D

More preàselg :

• WIZO) C- W"lo ) closed subspace with
"

vanishing trace
"

in D

•

aij , toi
, Cj , di

°
→ Ltcm)

,
MF1
,
mensura ble , founded, elliptica

• deline

a : WIZO)
"
✗ W (o)

"
→ ¢

,
alun =/ { à % . % dx

O

. L : Wj" Coin (w coin /
*

,
< Lu

,
v7 = alu, v1

. L restriction of L to L'co )
"

c- ( wfg
"COME
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good properties of L : density defined, inventive, maximal

accretiue
,
sectoriel

, . . .

problem : regnlaritg of solutions ?

✗ DCU )

✗ c- (O, %) DCE) = [L'COM
,
W coin]y C- W

"
'
'

(o )
" ( Kato '611

✗ = % ? >
"

Kato 's square root problem
"

✗E (7,1] DIE) f- WÉ" (o) ? ( e. g. Counterexample in d-1

6g interpolation )

Goal : show DCL") = WJ" coin (with equivalent novus )



Kato's square root problem :
q (vez short / history

o

'
61 l'62 : question posed 6g Kato

,
refused by lions

•
'
01 : Auscher

,
Hofmann

, Lacey , 1- lntosh , Tchamitchian (Annals of Math )

while Space case

•

'
06 : Axelsson ( Rosén )

,
Keith

,
McIntosh ( Inventione )

first- onder reformulation and application to Special Lipschitz domains

o - div

(for Convenience : E - div AP)
.

Put D=
☐ o ,

B -
H °

0 A -

⇒ (BD )
'
=

L O

O * ,
IBD /÷ (BDP =

I O

O *

H? cale.

bdd. H
"

- cale
.
for BD ⇒ 11fr11 = Il IBD / (f) Il = Il BDH.lt allait

•

'
14 : Egert

,
Haller -Dinlelmann

,
Tollzsdorf (JFA ) > next slide



Kato in rough domains

Theorem : ( Egert, Haller - Dintelmann , Tolhsdorf
' 14 )

Assume :

o O founded domain

i O Interior Thick

' D Ahlfors -David regular

• Lipschitz charts around N- ZOID .

Then : DICK ) = W
,}
"coin with equivalent norms

.



Hour to get rid of thichness ?

Observation : interior thich ⇒ dgadic structure

(crucial for involved harmonie andy sis ? )

Iden : Extend L to system on interior thich set ?



Proposition :

( •
,
BD
,
A- I has ( Oi

, Di , Li ) hors
⇐ ( with uniforme constants)

Kato property Kato property

Hence : Theorem with ITC ⇒ (•
,

☒
,

☒⇒ ) has Kato

Prop .

Theorem without ITC ⇐ (O
,
D
,
L ) has Kato



Observation : Kato ⇒ Priest Transform ☐[
%

bouudeal
,

where

underlying metric measure Space not doubling .



What about LP - theory ?

±
Kato : L

"
: WÉO )

"
> L' coin

Question : extrapolation to Wf"coin
⇐

> L'co)
"

for which p ?

Some critical num Gers :

e

p- (L) = Inf JCL ) .

p+(L ) - sup JCL)

i q
-

(L ) = inf JCL) .

9- (L ) - sup JLL)

where :

• JCL ) = { peu, o ) : e-
«

LP - founded }

- JILL = { qe (ya ) : tre
- t"

U - banded }



Known results :

- on /Rd : Auscher :

pc
( RCL )

, 9+41)

> bdd
.
domain

,
real & scaber coefficients :

Auscher
,
Badr

, Haller- Dintelmann, Rehberg : p e (1,2] = ( P
_

( L )
,
2]

- bdd domain
, Complex Systems :

Egert :

p
c- ( p

_

(L)
,
2+2)

,
E depending on ellipticity .

Goals :

① geometry as in first part of toile

② optimal & explicit upper endpoint

③ sharp ness at endpoints



characlerizat.com of upper endpoint

problem with q ,_ (l )
: related to boundedness of Riesz Transform

argument of "

homogeneons
"
nature using

conservation propertg

ieInstead
,
consider diagram

: WÎYOÎ
>

✓
L L'COM

(WELCOME c LE

Heuvistic : 2 arrows p - isomorphismes

⇒ 3 arrows p - isomorphismes

> new critica number : QI (L ) = sup { p -41,01 : L is (compatible)

p- isomorphisme }



Leet
p e (2, 9-+ ( l ) ) .

E
p- isomorphisme redores to Û : L'coin (W

,}
"
coin /

*

dnattg
⇒ (E)

%
p
'

- isomorphisme

⇐ p- CLIC p
'
c- 2

⇐ 2 E p < f+4 ) .

Hence : heed to Show p+
(L) > 9-+ (L) .



Lemina : Pill > (4)
*

.

Stretch of prof :

ZE q E QICLÎ ⇒
a) Lis 9* - isomorphisme

b) HO- cala
.
of L is 9** - founded

calculait e :

Sobolev

lle
- t'

ullq £ Il e-
t'

ullwp, # = Il 2-
"

Lé
"
all
way

G-iso Sobolev

E Il Le
- t'

allw - y, # Eu Êlltlèttullq
#

IÎ- cale . -1
Ç t " " "

4-
*

⇒ e-
"

hypercontrastive ⇒ e-
tt
L'- bonnded for p-42, q ) .



Sharpless at end points

Summary : .pe ( p
_

(l )
, [+ ( l ) ) ⇒ L

"
p
- isomorphisme

-

p # [ p_ (L), QICL)] ⇒ L" not p- isomorphisme

Removing question : What trappeurs when (for example ) p =p_ (L) ?

That is to sag
: { pt (ya) : LE p

- isomorphisme} open in (ya) ?

Argument for lower endpoint :

Assume p_ (
L) > 1 & LE p- (L )

- isomorphisme .

O Rkk 1 PM) 2 Sheiberg É (p_ (L) - C ) - isomorphisme
( I I I I ⇒

£



Thanh you

for your attention ?


