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Our quasilinear problem

Quasilinear problem on (0, c0) X R":

Oru —div(a(u)Vu) =0, wu(0) = up. (QL)
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Our quasilinear problem

Quasilinear problem on (0, c0) X R":

Oru —div(a(u)Vu) =0, u(0) = up. (QL)

Quasilinearity a: local ellipticity & locally Lipschitz
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Our quasilinear problem

Quasilinear problem on (0, c0) X R":
Oru —div(a(u)Vu) =0, u(0) = up. (QL)

Quasilinearity a: local ellipticity & locally Lipschitz, for instance a(y) = y™
with m € (0, o0) and ug bounded with inﬂ{ up(x) > 0.
X€ERN
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Our quasilinear problem

Quasilinear problem on (0, c0) X R":
Oru —div(a(u)Vu) =0, u(0) = up. (QL)

Quasilinearity a: local ellipticity & locally Lipschitz, for instance a(y) = y™
with m € (0, o0) and ug bounded with inﬂ{ up(x) > 0.
X€ERN

What about the initial datum ug?

e

Sebastian Bechtel quasilinear PDEs 17. Aug 2026 — Stockholm



Our quasilinear problem

Quasilinear problem on (0, c0) X R":
Oru —div(a(u)Vu) =0, u(0) = up. (QL)
Quasilinearity a: local ellipticity & locally Lipschitz, for instance a(y) = y™
with m € (0, o0) and ug bounded with inﬂ{ ug(x) > 0.
X€ERN
What about the initial datum ug?

Scaling argument:

u solution = wu,(t,x) = u(A%t, Ax) solution for all A > 0.
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Our quasilinear problem

Quasilinear problem on (0, c0) x R™:

Oru —div(a(u)Vu) =0, u(0) = up. (QL)
Quasilinearity a: local ellipticity & locally Lipschitz, for instance a(y) = y™
with m € (0, 00) and ug bounded with Xiggn up(x) > 0.
What about the initial datum ug?
Scaling argument:

u solution = wu,(t,x) = u(A%t, Ax) solution for all A > 0.
Hence: X scaling critical space of initial data iff.
lluollx ~ [[uo(A-)lIx, A >0.
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Our quasilinear problem

Quasilinear problem on (0, c0) X R":

Oru —div(a(u)Vu) =0, u(0) = up. (QL)
Quasilinearity a: local ellipticity & locally Lipschitz, for instance a(y) = y™
with m € (0, o0) and ug bounded with inﬂ{ ug(x) > 0.

X€ERN
What about the initial datum ug?
Scaling argument:
u solution = wu,(t,x) = u(A%t, Ax) solution for all A > 0.

Hence: X scaling critical space of initial data iff.

lluollx ~ lluo()llx, 4> 0.

Examples for X: L®, BMO, BUC, ... *
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Was there a little bias?
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Which initial data?

Observation: (QL) is also non-autonomous linear, homogeneous PDE!
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Which initial data?

Observation: (QL) is also non-autonomous linear, homogeneous PDE!

Consider more generally

orw —div(AVw) =0, w(0) = wp.
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Which initial data?

Observation: (QL) is also non-autonomous linear, homogeneous PDE!
Consider more generally

orw —div(AVw) =0, w(0) = wp.
Maximum principle:

wp €L o wel”™.
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Which initial data?

Observation: (QL) is also non-autonomous linear, homogeneous PDE!
Consider more generally
orw —div(AVw) =0, w(0) = wp.
Maximum principle:
wp €L o wel”™.
Harnack principle:

wy € BUC & w e BUC.
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Which initial data?

Observation: (QL) is also non-autonomous linear, homogeneous PDE!
Consider more generally
orw —div(AVw) =0, w(0) = wp.
Maximum principle:
wp €L o wel”™.
Harnack principle:
wp € BUC & w € BUC.
Consequences for u: if ug € BUC, we have
e additional regularity for solution & coefficients,

@ strong continuity (fixed-point, uniqueness),

@ no blow-up ~» global solutions. .°®
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Given ug € BUC, we have existence, uniqueness and regularity of global,
bounded weak solutions to (QL).
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Towards existence

Linearization for fixed-point argument:

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = up.
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Towards existence

Linearization for fixed-point argument:

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = upg.

Good term: a(u) — a(up) controlled (even small)
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Towards existence

Linearization for fixed-point argument:

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = upg.

Good term: a(u) — a(up) controlled (even small)

Bad term: Vu 777
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Towards existence

Linearization for fixed-point argument:

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = up.
Good term: a(u) — a(up) controlled (even small)
Bad term: Vu 777

We use (QL) to derive good control for Vu!
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Get control for Vu

Take ¢ with ¢ =1 on (%, 1) x B(0,1) and supp(y) C (41, 1) x B(0,2).
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Get control for Vu

Take ¢ with ¢ =1 on (%, 1) x B(0,1) and supp(y) C (41, 1) x B(0,2).
Then: v = wiy solves

0rv —div(AVv) = vapy — AVv - Viy + div(vAVY).
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Get control for Vu

Take ¢ with ¢ =1 on (%, 1) x B(0,1) and supp(y) C (41, 1) x B(0,2).

Then: v = wy solves
0rv —div(AVv) = vapy — AVv - Viy + div(vAVY).

L9-theory (if A € BUC):

1
(fy [ owe)
2 JBo.

Q=

1 1
= (/1 / Vw1 *) %+ il
7 /B0.2)
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Get control for Vu

Take ¢ with ¢ =1 on (%, 1) x B(0,1) and supp(y) C (%, 1) x B(0,2).
Then: v = wy solves

0rv —div(AVv) = vapy — AVv - Viy + div(vAVY).

L9-theory (if A € BUC):

1
(, [ 1owr) // 1% +
5 /B(0,1) B(0,2)

Finally: iterate + Caccioppoli + scaling/transformation'

][f BT < Il
t>OX€R" B(x,Vt)

-Ql'—‘
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Z-space estimates for gradients

Definition

Let p,q € (1,0] and B € R. The space Z/’)i,”q consists of all f: RY*" — R
such that
P

t L2 di\t
1Fll oo = // ][ ][ s (5. )|7 dy ds) ) dx 5V < co.
qu ( R}+n( t/2 B(X,\/E) y y ) ) t )
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Z-space estimates for gradients

Definition
Let p,q € (1,0] and B € R. The space Z/’)i,”q consists of all f: RY*" — R
such that

t L2 di\t
1Fll oo = // ][ ][ s (5. )|7 dy ds) ) dx 5V < co.
qu ( R}+n( t/2 B(X,\/E) y y ) ) t )

P

In this language:
19wz < Wl < IMolle, g € (1,20).
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Back to existence

Reminder: linearization for (QL)

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = up.
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Back to existence

Reminder: linearization for (QL)

Oru —div(a(ug)Vu) =div((a(u) — a(up))Vu), u(0) = wup.
Autonomous linear estimate: let Ag € BUC, for instance Ag(x) = a(up(x)).
Put solution operator S(F) = v, where v solution to

0rv —div(AgVv) =div(F), v(0)=0.
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Back to existence

Reminder: linearization for (QL)

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = up.
Autonomous linear estimate: let Ag € BUC, for instance Ag(x) = a(up(x)).
Put solution operator S(F) = v, where v solution to

Orv —div(AgVv) =div(F), v(0)=0
Mapping properties:
@ singular case: VS : Z° 1/2 — 1/2 7 for all g € (1, ),

@ non-singular case: S: Z 1/"2 — L% for all g € (n+2, ).
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Back to existence

Reminder: linearization for (QL)

Oru —div(a(ug)Vu) =div((a(u) — a(ug))Vu), u(0) = up.
Autonomous linear estimate: let Ag € BUC, for instance Ag(x) = a(up(x)).
Put solution operator S(F) = v, where v solution to

Orv —div(AgVv) =div(F), v(0)=0
Mapping properties:
@ singular case: VS : Z° 1/2 — 1/2 7 for all g € (1, ),

@ non-singular case: S: Z 1/"2 — L% for all g € (n+2, ).

Local existence for (QL) on fixed-point space

Xuo(/l’ T,q) = {V | [v - UO”oo,T <4, ”VV”ZE'I/qz(T) < /l} o
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Uniqueness

Goal: long-term uniqueness for “large” solutions!
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Uniqueness

Goal: long-term uniqueness for “large” solutions!

Let u, v bounded weak solutions to (QL).

Idea: assume they split at time 7. Use local well-posedness with uy = u(7)
to derive contradiction 4
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Uniqueness

Goal: long-term uniqueness for “large” solutions!
Let u, v bounded weak solutions to (QL).

Idea: assume they split at time 7. Use local well-posedness with uy = u(7)
to derive contradiction 4

Problem: Vu, Vv small in Zi’/qz 77

e

Sebastian Bechtel quasilinear PDEs 17. Aug 2026 — Stockholm



Uniqueness

Goal: long-term uniqueness for “large” solutions!
Let u, v bounded weak solutions to (QL).

Idea: assume they split at time 7. Use local well-posedness with uy = u(7)
to derive contradiction 4

Problem: Vu, Vv small in Zi’/qz 7

: ,q
Know: Vu,Vv € Z—1/2'
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Uniqueness

Goal: long-term uniqueness for “large” solutions!
Let u, v bounded weak solutions to (QL).

Idea: assume they split at time 7. Use local well-posedness with uy = u(7)
to derive contradiction 4

Problem: Vu, Vv small in Z°°9 77

-1/2
Know: Vu,Vv e Zfi’/q? Write:
u(t) = S((a(u) — a(ug))Vu) (t) + et NVEWIV) =t e (1, 00).

=F
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Uniqueness

Goal: long-term uniqueness for “large” solutions!
Let u, v bounded weak solutions to (QL).

Idea: assume they split at time 7. Use local well-posedness with uy = u(7)
to derive contradiction 4

Problem: Vu, Vv small in Zi’/qz 7

Know: Vu,Vv e Z_oi’/c’z. Write:

u(t) = S((a(u) — a(u))Vu)(t) + et NVEWIV) =t e (1, 00).

=F
Control on Vu + regularity u € BUC + autonomous theory.
o
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Uniqueness

Goal: long-term uniqueness for “large” solutions!
Let u, v bounded weak solutions to (QL).

Idea: assume they split at time 7. Use local well-posedness with uy = u(7)
to derive contradiction 4

Problem: Vu, Vv small in Zi’/q2 7

Know: Vu,Vv e Zfi’/q? Write:

u(t) = S((a(u) — a(ug))Vu)(t) + et NVEWIV) ot e (1, 00).

=F

Control on Vu + regularity u € BUC + autonomous theory.

®
Strong continuity + perturbation. hd
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Global existence

Local existence + global uniqueness = exists maximal solution

u: (0,7) xR" > R.

e

Sebastian Bechtel quasilinear PDEs 17. Aug 2026 — Stockholm



Global existence

Local existence + global uniqueness = exists maximal solution

u: (0,7) xR" > R.

Question: T =00 77
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Global existence

Local existence + global uniqueness = exists maximal solution

u: (0,7) xR" > R.
Question: 7 =00 77

Suppose T < oo for the sake of contradiction.
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Global existence

Local existence + global uniqueness = exists maximal solution

u: (0,7) xR" > R.
Question: 7 =00 77
Suppose T < oo for the sake of contradiction.

Know: ug € BUC = u € BUC((0,7) xR") = u(r) € BUC!
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Global existence

Local existence + global uniqueness = exists maximal solution

u: (0,7) xR" > R.
Question: 7 =00 77
Suppose T < oo for the sake of contradiction.
Know: ug € BUC = ue BUC((0,7) xR") = u(r) € BUC!
Restart (QL) at initial time 7 = contradiction maximality of u 4
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Global existence

Local existence + global uniqueness = exists maximal solution

u: (0,7) xR" > R.
Question: 7 =00 77
Suppose T < oo for the sake of contradiction.
Know: ug € BUC = ue BUC((0,7) xR") = u(r) € BUC!
Restart (QL) at initial time 7 = contradiction maximality of u 4

Hence: u is global!
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Regularity properties

Global solution u has the following regularity:

@ u e BUC with ||u]le < ||ugllo and osc(u) controlled by osc(up),
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Regularity properties

Global solution u has the following regularity:

@ u e BUC with ||u]le < ||ugllo and osc(u) controlled by osc(up),

o Vue Zfi’/‘;(T) forall g € (1,0) and T € (0, o),
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Regularity properties

Global solution u has the following regularity:

@ u e BUC with ||u]le < ||ugllo and osc(u) controlled by osc(up),

o Vue Z°i/‘72(7') forall g € (1,0) and T € (0, o),

@ Carleson condition:

/][ vuP)? < llolle
t>0xeR” B(x,Vt)

Mln—l
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Chateau du Haut-Buc
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Thanks for your attention!

A digital version of this presentation can be found here:
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https://sebastian-bechtel.info/stockholm2026.pdf

