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~on-linear model problem

Lat Q :- IP
,

1 Pull lat
,
1961-Pavil E Limi + 109312-v1.

Burger's type problem :

24-dirCAVal = div((i)
,

u(0) = %o .
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~on-linear model problem

Lat Q :- IP
,

1 Pull lat
,
1961-Pavil E Limi + 109312-v1.

Burger's type problem :

24-dirCAVa) = div(d())
,

u(0) = To (BE)

A : /" ->
**

" measurable
,
(A(S) * AII , AIS

. SXXISR

which initial data ?
&

M

Scaling argument suggests : Ens -v

I >
4 - Ba with = -

1"critical spaces
--
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Weak solutions

Def : Call 4 weak solution of

Gzu-div(ADu) = div(buD)
,
4(d = 40

if :

(a) 4
,
Du

,
P(ul - Leo

c

20
, T; Lea L'Il

(6) for all 2 -(((0,7) x 124) :

( - uGzk + ATh . 02 = - (((() - V2
.

(c) u(t) -> 40 in Das + +> 0
.
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Weak solutions

Def : Call 4 weak solution of

Gzu-div(ADu) = div(buD)
,
4(d = 40

if :

(a) 4
,
Du

,
P(ul - Leo

c

20
, T; Lea L'Il

(6) for all 2 -(((0,7) x 124) :

( - uGzk + ATh . 02 = - (((() - V2
.

(c) u(t) -> %o in ias + +> 0
.

Rem : Definition does not use operator theory
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Besor & E-spaces

Let pe (1 ,
0]
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940 . Fix no -p .
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Besor & E-spaces

Let pe (1 ,
0]

,
940 . Fix no -p .

Set (i= -divCAD)
.

&(0)St) : = 2

- +

ut 2

Def.: Let g, w + (1
,
8]

, BER .
Define E9 via

f = z9 => (f 15des e, Et
+ BIx

,
Vl

Example : Ze = L by Fadini.
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Besor & Z-spaces (continued)

Still 4ot Bap .

Put 6 := -1
.

=> [
,
(4) -29 for

ony- &
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Besor & Z-spaces (continued)

Still 4ot Bap .

Put 6 := -1
.

=> [
,
340) - 79z for

any g - (1
,

8].

Embeddings :

·z if 903, 91

·Etd if n ("sober embeddingle
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Besor & Z-spaces (continued)

Still 4ot Bap .

Put 6 := -1
.

=> [
,
340) - 79z for

any g - (1
,

8].

Embeddings :

·z if 903, 91

·zh e
if not & "Soboler embedding")

Prop : 4
.

-> Bpp = <
,
54) - En for ang <, p , 9 + /, 0)

.
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Wellposedness result (BE) (simplified version)

Set BE
_

(4
,

91 : = 5(n + 2)
.

Thm : (Auscher-B
.
) Let 971

, pe(1, 0] and &27-1, 03

satisfying 5 = 5 - C

Fix 4- Bap if pro and not-Ba if p
= n.

Let r
, 93 BE (n

,
3) with r > P.

=> exists maximal
, unique , weak solution n to (BE)

satisfying u -> ztes and Vue z+s,
2

+S)
- Es - E

Moreover
,

ne za for and et (1
,
0] and > BE

_

In
,

9).
- Es

S



Mild solutions & existence

RECFIt) := -Ct-sIdivCFisIds "formally

Extend to Re: -> X
,

X
,
" some -spaces

Def : ne X called mild solution if u = E
,
Suol + RE (04)) .
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Mild solutions & existence

RECFIt) := -Ct-sIdivCFisIds "formally

Extend to Re: -> X
,

X
,
" some -spaces

Def : ne X called mild solution if u = E
,
Suol + RE (04)) .

Set X := - 5 -
n = X = P() -C - E -E

= :Y

Q : REPull -> X ? Yes
,
if BE

_

(4
, 3) = r

.

Then : fixed-point argument works : -f
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What regularity ?

Some concerns regarding mild solution :

· fixed-point space L- artificial
..

·

enough(local) integrability for mild solution ?

7



What regularity ?

Some concerns regarding mild solution :

· fixed-point space Ler- Es artificial...

·

enough(local) integrability for mild solution ?

Prop : nel-t mild solution => -Et > BE
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What regularity ?

Some concerns regarding mild solution :

· fixed-point space Ler- Es artificial...

·

enough(local) integrability for mild solution ?

Prop : nel-t mild solution => -Et > BE
-

(4
,3), 7, P

,

any ge (1, 0] .

Proof : Stay tuned...
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Existence weak solution

Cor: (Existence weakl Ex
. 4-t weak sol . with rBEs

,r
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Existence weak solution

Cor: (Existence weakl Ex
.

4- tes weak sol . With r > BE
-

In
,
3)

,
r > P.

Proof : Let u +L mild solution

Bootstrapping => 4- 7 NIT
=> Pale-t ,

where F : = Es) 2
.
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Existence weak solution

Cor: (Existence weakl Ex
.

4- tes weak sol . With r > BE
-

In
,
3)

,
r > P.

Proof : Let u +L mild solution

Bootstrapping => 4- 7 NIT
=> Pale-t ,

where F : = Es) 2
.

Auscher-Hou with F :=(4)

=> a weak solution (of "linear" equation) .
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↑
Hypercontractive" SIOs

Standard case : Let p39 , 11-1 .

S : 29 -> Loth + Kernel + decay => S: -> Zi
Ex: S = R ,

k = E , q = 2
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↑
Hypercontractive" SIOs

Standard case : Let p39 , 11-1 .

S : 29 -> Loth + Kernel + decay => S: -> Zi
Ex: S = R ,

k = E , 93, 2. parabolia

↓

Used for mild existence : M : L -> L-E-E)/9 - reg
*

Thm.: Let p3,9 , >-1 .

5. - > L + 4 - E-E) + Kerne) + decay = S : z, -> z

Rem.: S : Le
*

-> 79 ,
r

+ P + 4- ( + 4- ( - E)
(factorization)
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Bootstrapping (continued)

Prop : nel-t mild solution => -Et > BE
-

(4
,3), 7, P

,

any ge (1, 0] .

Sketch of proof :

Reg ·
of u => P(ul -> Les tal-Es E

=> R (dullez
E+s /

V
=: Y

n(1+ 3)
-

1
zr 25
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Bootstrapping (continued)

Prop : nel-t mild solution => -Et > BE
-

(4
,3), 7, P

,

any ge (1, 0] .

Sketch of proof :

Reg ·
of u => P(ul -> Les tal-Es E

=> R (dullez
E+s /

V
=: Y

n(1+ 3)
-

1
zr 25

Hence
,

u = [(0) + REPull -E

Iteration => Can lower to > BE
_

S
, s)

,

5, P.
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Uniqueness weak solution

Summary so far : Ex
.
weak solution with desired regularity .

2
Idea uniqueness : I weak solution => mild solution

Then : at most one mild solution classical
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uniqueness weak solution (continued(

Sketch of proof : (weak => mild)

Let u weak solution with On e Zes-
Put v = = [

,
(0) + RE asull
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uniqueness weak solution (continued(

Sketch of proof : (weak => mild)
1

r
, 2

Let u weak solution with On - Es-*

Put v = = [
,
(0) + RE asull

=> v weak solution Ger-dir(AVr) = div(din)
,
r(0) = 40

=> w : = 4 - r solres Gw-dirCATw) = 0

,
wid = 0

,
ou ez12

-Es -2

12



uniqueness weak solution (continued(

Sketch of proof : (weak => mild)
1
r

, 2

Le + u weak solution with On e Zu
25

- Eg-

Put v = = [
,
(0) + RE asull

=> v weak solution Ger-dir(AVr) = div(din)
,
r(0) = 40

1

=> w : = -r sobres GW-dirCATw) = 0

,
wid = 0

, Du es-E

Linear uniqueness [Auscher
,
Hou] => w = 0 => = r

.
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Thank you for your attention-


