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A linear starte....

SGz4 - dirCAYul = f + divCF) on (0
, T) X

&

2 u(0) = 40 on 12h

A : IR" -> R
**

measurable
,
bounded and elliptic :

lAkISI * AISI
,
ReCA(IS(S)3X1512 (x*"

,
Sect

Important : A has no smoothness

->
classical

Which solutions ? > "Mild" solution

- weak solution



A cautionary tale

IVP : Ggh-dirCAYu) = 0
, 410) = 40 .

-

=: Lu

Solution (formally) : u(H) = <y40)(t) := e
+

4.

"Counterexample" [Frehsa] :

↓ p>2 J coefficients A : Ouit) LPCI")

=> Becareful with operator theory me mild solutions

double-edged sword
---



Weak solutions

Def : Call n + Le 10, T : WECI'll weak solution of

Gzu-div(ADu) = div(F) , u(d) = Yo
K X

distributions
if :

(a) for all 2 - (((0,7) x 124) :

(f - u(k + Am . 02 = - f + - 52
.

(6) u(t) -> %o in sas + +> 0
.

Rem : Definition does not use operator theory



which function spaces ?

guiding principle : Initial value problem

↓ Bi homogeneous Besor spaces

47 H &P homogeneous "Hardy-soboler" spaces I first

Let no-F9p
,
a < 0
, p - (1, 03

p = 0 :

g - Ta,
2

=> Syno) - T "weighted parabolic (Sup 1 15 gaddtent space"

Origin : Coitman -Meyer-Stein 185 u unweighted & elliptic



Include forcing term F

Formally : U(H = RECF) := -ct-sidivsFilds solves

Gfu-dir(AV) = dir(F) , 4(0)
.

Indeed
,
for -1 :

(a) Calderon-Eygmand theory :

Fe = 4e TP
,
On -T

(6) Approximation argument + 12-theory (Lions

=>a weak solution

(2) tedious work => u(0) = 0 .



What about uniqueness ?

Suffices : GU-dir(Ata) = 0, y(0) = 0 =>4 = 0.

Even for heat equation : weah solutions not unique

Thm : Let R3-1 .

Then Un-T sufficient for uniqueness .

Idea of proof :

() for 0 << t , -(R") :

Ju()Pdx = Jy(s)e
- (t -S) pdx Chomotopy identity) .

ID" IRh

2) Take limit s+ > 0 => RAS = 0
.



Summary so far

Thm : (Auscher-Houl Let < + 7 1
, 0) , p-(1, 0] , 4 P , FeT

Then :

6-4 - dir(AVu) = dir(F)
,

290) = 40

admits weak solution 4- T satisfying Un
Moreover : n unique among

all wesh solutions

With Or ->Tr



What about Besor data ?

4- Bip ,
<10

, pes, 8] = E
,
lol -> Z weighted

z-space

Go back to Barton-Mayboroda , Amenta ... Currently L . Haardt

dez (1n'soyages et co .
A

--
the Whitney bax

!,
X



Summary so far
Be

Z

Thm : (Auscher-Houl Let < + 71
, 0) , p-11, 8] , 4 #P, Fe

Then :

6-4 - dir(AVu) = dir(F)
,

290) = 40

Z Z

admits weak solution 4- satisfying Tu*
Moreover : n unique among

all wesh solutions

with Dre * P2
E-



Next : non-linear problems

Lat Q :- IP
,

1 Pull lat
,
1961-Pavil E Limi + 109312-v1.

Burger's type problem :

24-dirCAVal = div((i)
,

u(0) = %o .

(BE)

which initial data ?

Let X-cEB, H3
. Scaling argument suggests

4 - X4P with = - d "critical spaces
1



Comparison with Navier-Stokes

Replace -dirCAD . ) by stokes operator - PPA

Pat d(n) = 404
.

(BE) with S = 1 Au mild formulation US

Koch-Tatara : US well-posed for not BM0 small.

One has 310-1 = #
- <10

·

Also : * = 5 - (1)

=> criticality condition for (BE)



Existence by fixed-point argument

Define : O(r) = = E
,
(4) + RE(P()

Fixed pointO & "mild solution" of (BE)
.

Let vez zs

=> Fi= p() - z+s, m+3
ns--

We know : RE((r) - z
+s , Ets embedding z no self-mapt
hirs-

-

Hence
,
need : "hypercontractive" Calderin - Eygmand theory

z-spaces : feasible T-spaces : problematic



Wellposedness result (BE) (simplified version)

Set BE
_

(4
,
91 : = 5(n + 2)

.

Thm : (Auscher-B
.
) Let 971

, pe(1, 0] and &27-1, 03

satisfying 5 = 5 - C

Fix 4- Bap if pro and not-Ba if p
= n.

Let r
, 93 BE (n, 3) with r > P.

=> exists maximal
, unique , weak solution n to (BE)

satisfying u -> ztes and Vue z+s,
2

+S)
- Es - E

Moreover
,
ne za for any + 10, 0] and > BE

_

In
,
9).

- Es



Some more non-linear problems

Reaction-diffusion :

6 U - dirCADa) = P(4)
,

4101 = To

Quasi-linear problem :

Gyn - din(a()0u) = 0, 4(0) = 40 .
↑ ↑

Lipschitz B4S



Thank you for your attention-


