Sharp geometric conditions for

Sobolev extension operators

Sebastian Bechtel

Institute de Mathématiques
Université Paris-Saclay

19th of January, 2026 — Beijing Seminar

“IHL Mathématiques

Orsay

Sebastian Bechtel sharp extension operators 19. Jan 2026 — Beijing Seminar



Yonghe Lama Temple

Sebastian Bechtel sharp extension operators 19. Jan 2026 — B g Seminar



Sebastian Bechtel

Square Roots
of Elliptic Systems

in Locally Uniform
Domains

® Birkhéiuser

joint work (in part) with
R. Brown (Lexington), R. Haller (Darmstadt), P. Tolksdorf (KIT)

Sebastian Bechtel sharp extension operators 19. Jan 2026 — Beijing Seminar



Let O C RY open.

Classical question: Does there exist E: WP(0) - WP(RY) linear &
bounded with Ef = f on O7?
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Let O C RY open.

Classical question: Does there exist E: WP(0) - WP(RY) linear &
bounded with Ef = f on O7?

Negative answer: not always, for example O = B(0,1) \ [0, 1) does not
work ®
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Let O C RY open.

Classical question: Does there exist E: WP(0) - WP(RY) linear &
bounded with Ef = f on O7?

Negative answer: not always, for example O = B(0,1) \ [0, 1) does not
work ®

Positive answer: OK with some regularity: Lipschitz boundary,
(¢,6)-domain, ... ®
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Let O C RY open.

Classical question: Does there exist E: WP(0) - WP(RY) linear &
bounded with Ef = f on O7?

Negative answer: not always, for example O = B(0,1) \ [0, 1) does not
work ®

Positive answer: OK with some regularity: Lipschitz boundary,
(¢,6)-domain, ... ®

What happens if we impose a Dirichlet boundary condition? l
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Define Wol’p(O) as closure of Cg°(0O)-functions in W'P(0).

== E: Wol’p(O) — WYP(R?) linear & bounded always exists: Just
extend by zero!
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Define Wol’p(O) as closure of Cg°(0O)-functions in W'P(0).

== E: Wol’p(O) — WYP(R?) linear & bounded always exists: Just
extend by zero!

What happens in between natural and Dirichlet boundary conditions? |
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Define Wol’p(O) as closure of Cg°(0O)-functions in W'P(0).

== E: Wol’p(O) — WYP(R?) linear & bounded always exists: Just
extend by zero!

What happens in between natural and Dirichlet boundary conditions? I

That is to say: test functions stay away only from some boundary part
D c 0.

Which sharp geometric condition to impose in N =90 \ D?
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Let O C RY open, D C O closed.

© Construction of a WEI)’P(O) extension operator with condition in the
spirit of Jones. Joint work R.M. Brown, R. Haller, and P. Tolksdorf.
Appeared in AIF.

@ construction of a Wg’p(O) extension operator, s € (0,1), using a
density condition. Appeared in Arch. Math.
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Part 1: extension operator for Wfl)’p(O)
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Review of Jones' result

Setup:

e Whitney decomposition of O and RY \ O
~» interior cubes W; and exterior cubes W,

For simplicity: assume O unbounded and connected
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~» interior cubes W; and exterior cubes W,

@ associate suitable reflected cube Q* € W; with Q € W,
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Review of Jones' result

Setup:

e Whitney decomposition of O and RY \ O
~» interior cubes W; and exterior cubes W,

@ associate suitable reflected cube Q* € W; with Q € W,
® {¢Q}qew, partition of unity of RY \5

For simplicity: assume O unbounded and connected
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Review of Jones' result

Setup:

e Whitney decomposition of O and RY \ O
~» interior cubes W; and exterior cubes W,

@ associate suitable reflected cube Q* € W; with Q € W,
® {¢Q}qew, partition of unity of RY \5

Then define E via

Ef = Z (fo-eq onR9\O.
QeW,

For simplicity: assume O unbounded and connected
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Review of Jones' result

Crucial estimate (Gradient estimate):
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Review of Jones' result

Crucial estimate (Gradient estimate):

Let R € W,. Expand:
Ef= Y (Heve= Y. [(Ne - (Hrleq+(Hr onR.

QeW, QeW,
QNR+0 QNR+0
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Review of Jones' result

Crucial estimate (Gradient estimate):

Let R € W,. Expand:

Ef= Y (Heve= Y. [(Ne - (Hrleq+(Hr onR.
QeWe QeW,
QNR+0 QNR+0

Implies

IVEFllbr < > I(Ng = (Arllor  €Q7

QeWe

QNR+0 need to compensate

Sebastian Bechtel

sharp extension operators 19. Jan 2026 — Beijing Seminar



Review of Jones' result

Crucial estimate (Gradient estimate):

Let R € W,. Expand:

Ef= Y (Heve= Y. [(Ne - (Hrleq+(Hr onR.

QeW, QeW,
QNR+0 QNR+0

Implies

IVEFllbr < > I(Ng = (Arllor  €Q7

QeWe

QNR+0 need to compensate

Use Poincaré type estimate for ||(f)q- — (f)r*llp,R-
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Review of Jones' result

Definition

Call O an (&,6)-domain, if all x,y € O with |x — y| < § can be connected
by path y in O satisfying
(a) len(y) < e Yx—y| (b) d(2,00) > ‘Slxl_xzf”il_zl zey
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Review of Jones' result

Definition
Call O an (&,6)-domain, if all x,y € O with |x — y| < § can be connected
by path y in O satisfying

(a) len(y) < & tx—y| (b) d(2,80) > ‘Slxl_xzf”il_zl zey

Consequence: Q, R € W, with Q N R # 0 implies Q" and R* can be
connected by chain of interior cubes of bounded length!
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Review of Jones' result

Definition
Call O an (&,6)-domain, if all x,y € O with |x — y| < § can be connected
by path y in O satisfying

(a) len(y) < & tx—y| (b) d(2,80) > ‘Slxl_xzf”il_zl zey

Consequence: Q, R € W, with Q N R # 0 implies Q" and R* can be
connected by chain of interior cubes of bounded length!

Poincaré over this chain implies

(A @ = (Hr-llp,r < C(QNIVFlp,chain v
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < § can be connected by path y in O
satisfying

glx —z|ly - 2|

(a) len(y) < et x—y| (b) d(z,00) >
[x =yl

zey.
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < § can be connected by path y in O
satisfying

glx —z|ly - 2|

(a) len(y) < et x—y| (b) d(z, 8@ N) >
Ix =yl

zZE€y.
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < 6 can be connected by path v in &
RY\ N satisfying

(a) len(y) < e x—y| (b) d(zBaN) > X2V 22l |_xz—”§|_ 2l ey
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < 6 can be connected by path v in &
RY\ N satisfying

(a) len(y) < e x—y| (b) d(zBaN) > X2V 22l |_xz—”§|_ 2l ey

This poses some problems:

o Paths are adapted to a different Whitney decomposition
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < 6 can be connected by path v in &
RY\ N satisfying

(a) len(y) < e x—y| (b) d(zBaN) > X2V 22l |_xz—”§|_ 2l ey

This poses some problems:

o Paths are adapted to a different Whitney decomposition

Use Whitney decomposition of R? \ N as interior cubes W;? \
[ J
[ ]
e
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < 6 can be connected by path v in &
RY\ N satisfying

(a) len(y) < e x—y| (b) d(zBaN) > X2V 22l |_xz—”§|_ 2l ey

This poses some problems:

o Paths are adapted to a different Whitney decomposition

Use Whitney decomposition of R? \ N as interior cubes W;? \

@ metric properties of interior and exterior cubes become incompatible!
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Towards mixed boundary conditions

Assume that all x,y € O with |x — y| < 6 can be connected by path v in &
RY\ N satisfying

(a) len(y) < e x—y| (b) d(zBaN) > X2V 22l |_xz—”§|_ 2l ey

This poses some problems:

o Paths are adapted to a different Whitney decomposition

Use Whitney decomposition of R? \ N as interior cubes W;? \

@ metric properties of interior and exterior cubes become incompatible!

e path condition gives no information on interior cubes outside O... o®

e
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New definition of exterior cubes

Put
We,new = {Q € We: d(Q, N) < Bd(Q’ D)}

Heuristic: exterior cubes form sector around N
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New definition of exterior cubes

Put
Wenew = {Q € We : d(Q,N) < Bd(Q, D)}
Heuristic: exterior cubes form sector around N

— size of cubes comparable to distance to N v
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New definition of exterior cubes

Put
Wenew = {Q € We : d(Q,N) < Bd(Q, D)}
Heuristic: exterior cubes form sector around N

— size of cubes comparable to distance to N v

New problem

How to treat boundary cubes of sector?
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New definition of exterior cubes

Put
We,new = {Q € We : d(Q’ N) < Bd(Q’ D)}
Heuristic: exterior cubes form sector around N

— size of cubes comparable to distance to N v

New problem
How to treat boundary cubes of sector?

e Re W, with d(R, N) > Bd(R, D): there is no R* to smuggle in for
Poincaré... ®
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New definition of exterior cubes

Put
We,new = {Q € We : d(Q’ N) < Bd(Q’ D)}
Heuristic: exterior cubes form sector around N

— size of cubes comparable to distance to N v

New problem
How to treat boundary cubes of sector?

e Re W, with d(R, N) > Bd(R, D): there is no R* to smuggle in for
Poincaré... ®

@ B large ~» angle between sector and D small
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New definition of exterior cubes

Put
We,new = {Q € We : d(Q’ N) < Bd(Q’ D)}
Heuristic: exterior cubes form sector around N

— size of cubes comparable to distance to N v

New problem
How to treat boundary cubes of sector?

e Re W, with d(R, N) > Bd(R, D): there is no R* to smuggle in for
Poincaré... ®

@ B large ~» angle between sector and D small

@ upshot: use Dirichlet Poincaré instead ©®
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Reflected cubes disjoint to O

Whitney cube disjoint to O ~» no information from Assumption ®
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Reflected cubes disjoint to O

Whitney cube disjoint to O ~» no information from Assumption ®

Better definition of interior cubes: need to intersect O.
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Reflected cubes disjoint to O

Whitney cube disjoint to O ~» no information from Assumption ®

Better definition of interior cubes: need to intersect O.

So what if path from Assumption runs out of O7 I
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Reflected cubes disjoint to O

Whitney cube disjoint to O ~» no information from Assumption ®

Better definition of interior cubes: need to intersect O.

So what if path from Assumption runs out of O7 I

@ Introduce “quasi-hyperbolic distance condition™.
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Reflected cubes disjoint to O

Whitney cube disjoint to O ~» no information from Assumption ®

Better definition of interior cubes: need to intersect O.

So what if path from Assumption runs out of O7 l

@ Introduce “quasi-hyperbolic distance condition™.

e Consequence: Can go back to O in an “efficient” way.
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Reflected cubes disjoint to O

Whitney cube disjoint to O ~» no information from Assumption ®

Better definition of interior cubes: need to intersect O.

So what if path from Assumption runs out of O7 l

@ Introduce “quasi-hyperbolic distance condition™.

e Consequence: Can go back to O in an “efficient” way.

e Can always construct interior cubes intersecting O this way ©
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Part 2: extension operator for W (0), where s € (0,1)
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Fractional Sobolev spaces — pure Neumann

Let s € (0,1). The space W*P(O) consists of f measurable with

12, =g+ [, o |0
R A B e A i B E S T
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Fractional Sobolev spaces — pure Neumann

Let s € (0,1). The space W*P(O) consists of f measurable with

12, =g+ [, o |0
R A B e A i B E S T

There exists linear extension operator &= O satisfies interior thickness
condition

Here, call O interior thick, if

AC>0Vxe OVre(0,1]: |B(x,r)n 0| = C|B(x,r)]|.
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Fractional Sobolev spaces — mixed BC

Define subspace W (0O) of W*P(0) using condition

/ f(x) |P
x€0

W dx < oo.
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Fractional Sobolev spaces — mixed BC

Define subspace W;’p(O) of W*P(0) using condition

/ f(x) |P
x€0

W dx < oo.

Construct linear extension operator W2”(0) — W*®P(R) using only
geometric quality in N.
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Fractional Sobolev spaces — mixed BC

Define subspace W;’p(O) of W*P(0) using condition

/ f(x) |P
x€0

W dx < oo.

Construct linear extension operator W2”(0) — W*®P(R) using only
geometric quality in N.

Observation: interior thickness condition can be defined with x € 40O.
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Fractional Sobolev spaces — mixed BC

Define subspace Wg’p(O) of W*P(0) using condition

/ f(x) |P
x€0

W dx < oo.

Construct linear extension operator W2”(0) — W*®P(R) using only
geometric quality in N.

Observation: interior thickness condition can be defined with x € 0.
~» assume thickness condition in N as follows:

AC>0Vxe NVre (0,1]: |B(x,r) N O| > C|B(x,r)|.
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Strategy for our construction

|dea: Want to reduce to Zhou's result.
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Strategy for our construction

|dea: Want to reduce to Zhou's result.

@ Construct suitable O 2 O interior thick
~» use thickness in N
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Strategy for our construction

|dea: Want to reduce to Zhou's result.

@ Construct suitable O 2 O interior thick
~» use thickness in N

@ Extend from O to O by zero
~» use fractional Hardy term
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Strategy for our construction

|dea: Want to reduce to Zhou's result.

@ Construct suitable O 2 O interior thick
~» use thickness in N

@ Extend from O to O by zero
~» use fractional Hardy term

@ Use Zhou's result on O.
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Construction of O

Are Whitney cubes still our friend?
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Construction of O

Are Whitney cubes still our friend?

Yes!
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Construction of O
Are Whitney cubes still our friend? I

Yes!
Let {Q;}; Whitney decomposition of RY\ N. Put X = {Qj: Qj touches O}.

Define O = 0O U (U Q\ D). Claim: O is interior thick.
Qex
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Construction of O
Are Whitney cubes still our friend? I

Yes!
Let {Q;}; Whitney decomposition of RY\ N. Put X = {Qj: Qj touches O}.

Define O = 0O U (U Q\ D). Claim: O is interior thick.
Qex
@ Only need to check in new boundary.
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Construction of O
Are Whitney cubes still our friend? I

Yes!
Let {Q;}; Whitney decomposition of RY\ N. Put X = {Qj: Qj touches O}.

Define O = 0O U (U Q\ D). Claim: O is interior thick.
Qex
@ Only need to check in new boundary.

o r small compared to size of Q v
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Construction of O
Are Whitney cubes still our friend? l

Yes!

Let {Q;}; Whitney decomposition of RY\ N. Put X = {Qj: Qj touches O}.

Define O = 0O U (U Q\ D). Claim: O is interior thick.
Qex

@ Only need to check in new boundary.
o r small compared to size of Q v

o r large compared to size of @: Whitney = ball intersects N v
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Extension by zero

Let f € W2P(0) and F its zero extension to O.

Need to estimate

P _ P
IFIZ =075 +2 [ o 0101
[x-y|<1

f(x)

P
dx dy L0
Ix —yl®

Ix—yld
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Extension by zero

Let f € W2P(0) and F its zero extension to O.

Need to estimate

P _ P
IFIZ =075 +2 [ o 0101
[x-y|<1

f(x)
Ix —yl°®

P dxd
l yd+0.
[x =yl

1
Claim: One has |x — y| > Ed(x, D).
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Extension by zero

Let f € W2P(0) and F its zero extension to O.

Need to estimate

f(x) [P dxdy
IFIZ = 17120 +2 [0 010 +0.
€|X’{;|<<1\ MIx =yl Ix =yl
1
Claim: One has |x — y| > Ed(x, D). Then:
P P
/ F) [P dedy / f [P
%€y <0 |lx — | [x=yl9 ~ Jico|d(x. D)*
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A last decisive lemma
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 1: |x — y| < diam(Q).
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 1: |x — y| < diam(Q).
@ Fix z € 0 on line segment from x to y.
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.
1

Want to show: |[x —y| > Ed(x, D).

Case 1: |x — y| < diam(Q).

@ Fix z € 0 on line segment from x to y.

@ z € N implies
d(Q,N) <|y-z| <|x-y| <diam(Q) < d(Q,N). %
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 1: |x — y| < diam(Q).
@ Fix z € 0 on line segment from x to y.

@ z € N implies
d(Q,N) <|y-z| <|x-y| <diam(Q) < d(Q,N). %
@ Henceze Dand |x—y| > |x-2z| >d(x,D).

Sebastian Bechtel sharp extension operators 19. Jan 2026 — Beijing Seminar



A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 2: |x —y| = diam(Q).
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 2: |x —y| = diam(Q).
@ Canpick ze @nD.
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 2: |x —y| = diam(Q).
@ Canpick ze @nD.

@ Estimate

Ix—z| < |x—y|l+|y—z| < |x—y|+diam(Q) < 2|x — y|.
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A last decisive lemma

Let xe Oand y € Q\ O, where Q € X.

1
Want to show: |[x —y| > Ed(x, D).

Case 2: |x —y| = diam(Q).
@ Canpick ze @nD.
@ Estimate
Ix—z| < |x—y|l+|y—z| < |x—y|+diam(Q) < 2|x — y|.
e Conclude d(x,D) < |x —z| < 2|x —y|.
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Thanks for your attention!

A digital version of this presentation can be found here:
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https://sebastian-bechtel.info/beijing_A_2026.pdf

